We consider a class of Z 2 symmetric quantum spin Hamiltonians. Anisotropic spin 1/2 Heisenberg models are typical examples. Proof of groound state degeneracy (Z 2 symmetry breaking), construction of pure gournd states are given in a systematic way. § 1. Introduction
In [9], we presented a method for study of ground state structures of certain quantum spin systems. The quantum spin system of [9] has the unique ground state on the finite volume, but in the infinite volume limit, phase transitions can occur by the same mechanism of classical spin systems. However, the Hamiltonians considered in [9] do not have symmetry. Hence, it is interesting to consider a class of quantum spin systems with symmetry which contains several examples of physical interest by the methods developed in [9] . The aim of this paper is to investigate the ground state structure of certain perturbation of classical Ising Hamiltonian. The typical example we have in our mind is the spin 1/2 aniso tropic Heisenberg model on the regular lattice Z A .
H=-
S {apjn+doMap + eapap} (1.1)
lationally Invariant ground state. We also construct pure ground states. Our conditions can be verified for e and d sufficiently small using expansions of Jo Kirkwood and L. Thomas of [5] , As is the case in [9] , the irreducible ground state representation (=GNS representation of a pure ground state) can be realized on L 2 space of a Gibbs measure for dimensional classical spin system 3 and the regularized Hamiltonian is the selfadjoint extensions of the generator of certain Markov semigroup. We again use £7* algebra approach and we will assume that readers are familiar with basic results explained in [4] and [6] .
The algebra of observables is the UHF C* algebra A A = ®M 2 (C)
where by M 2 (C) we denote the set of all complex 2 by 2 matrices, The Pauli spin matrix a^ (j in Z* 9 a=x 9 y, z) is an element of (1.2) satisfying usual relations Let AI OC be the set of strictly local elements in A, in another word, the polynomials of d£ y) (a=x 3 y, z). We will also consider the abelian subalgebra B gene- for any finite Our results of this paper are as follows. Under some conditions described in § 4, any translationally invariant, O invariant, ground state <p restricted to B is a Gibbs measure. <p has the long range order (as a state of A) even if the corresponding Gibbs measure is extremal. The decomposition of the state <p into pure ground states can be given explicitly. The construction of H v will also be given. By our construction, we see the regularized Hamiltonian H 9 gives rise to the generator of a Markov semigroup on B. We will also give a sufficient condition of existence of mass gap of H?.
The basic ideas are already given in [9], but we have some complications due to Z 2 symmetry. The positivity assumption (1.8) is essential in our approach. It is a subtle question whether we can obtain similar results without the assumption (1.8) or not. C. Albanese got some interesting results for certain Hamiltonians without our positivity. See [2] .
Some results related to ours can be found in [1] and [5] , however they didn't describe pure ground states and in crucial parts they assume certain high temperature condition for Gibbs measures. Spectral properties of Heisenberg models have been investigated in [5] but we believe our approach (use of Markov semigroup) is interesting in itself.
The rest of this paper is as follows. In § 2 we consider the finite volume ground state as a preliminary. § 3 is de-voted to representations of A on L 2 space of a Gibbs measure. § 4 establishes the correspondence of the Gibbs measure and translationally invariant ground states of quantum systems. We discuss Markov semigroup and existence of mass gap in § 5. § 6 is devoted to Heisenberg models as an example within the reach of our results. § 2. Ground States on Finite Volume
In this section, we consider ground states on finite volumes. Let A be a cube in Z d . Let H A be the Hamiltonian on A with the periodic boundary condition.
We will always use the periodic boundary condition for finite systems in this paper. 
where the sum 2 (+) (resp. 2 (~} ) is taken over spin configurations for which the even number (resp. odd) of spin is up. Then Lemma 2.1 means
We now define^(
where E^ are eigenvalues.
For each point a in X A and a subset D of ^1, we define a D as a point of X A via the formula,
where (ffp) (J) is the coordinate (a D ) at the site 7" in A. Then (2.19) leads to the following equation. We first recall some known facts about Gibbs measures on X,
By the product topology, X is a compact metrizable space. The set of continuous functions C(X) on X can be identified with B via the formula
where a (/) is the coordinate function of the site
Let f(a) be a polynomial given by
A=>i where A is a finite subset of Z d &ndf A is zero except a finite number of A.
We introduce a norm for /(a) of (33) Let {h A } be a potential on X. We will often write *(*)= S MW 
where z-j(-) is the (lattice) translation determined by, r/ffW) = a<*-"> .
(3.14)
Then dju(a) is a Gibbs measure.
Proof, By the remark given above; we have only to show
We set rfXa) = exp{2SAX^)> (3-16a) Define
In the same manner,
Let Gjt be the constant function 1 as a vector of L\dfj).
Proposition 3.2. (i) (3.23) gives rise to the representation TC + ( ) of the C* algebra A.
(ii) (3.24) gives rise to the representation n_( ) of A and ^-(0=^+(0(0) /or g in A where © is defined in (1.13). (iii) The representation ^±( e ) are irreducible if and only if dp. is an extremal Gibbs measure.
Proof, (i) and (ii) are straight forward, (iii) is equivalent to Corollary 3.8 of [6] . Note that
L-(dfi) = x+(B)
f/ = *-(*) , (3,25) The GNS representation of<pp is given as follows.
The Hilbert space is two copy ofL 2 (dju) The representation is the direct sum n+@n.. and the GNS cyclic vector is <pv has the long range order as a state of A.
The above statement looks like trivial, however it explain the reason why quantum Ising models discussed in [5] have ground states with long range order.
The existence of the potential h(a) will be discussed in § 4 and § 6, § 4 8 Regularized Hamiltonian
In this section, we relate the states constructed in § 3 to ground state representations. We assume the following conditions. Following [9] we define the regularized Hamiltonian as follows. Let A be a cube. Then, Hp of (4.19) is the selfadjoint extension of the generator of Markov semigroup studied in [6] . We can apply results (or ideas) of Chapter 1 and 4 of [6] . See also § 5 of this paper. We dont't give the proof of Proposition 4.5.
Lemma 43. Under the assumption 4.1 there exists a potential h(d) h(a) = *h A a(A) (4.5) such that h(a) is translationally invariant and for any
We next define J as the set of states satisfying (4.18). hence 9^ and <p 2 are in J. This is a contradiction. q.e.d.
» state of A such that <p(H AtIeg
)
Proof of Theorem 4,6 (i).
We must show JdG. Let <p be a pure state in J. The restriction of <p to B is a Gibbs measure d/j,(a) due to Lemma 3.1. As <p is in J", for any edge b={i 9 Then if \A\ is odd, -(9+0p)fo(4)ff z GB))=0, so
where dp. is given by the restriction of <p to B. We claim that dX ff ) is an extremal Gibbs measure if 9 is pure. This is because purity implies um {9(a^(e 2 ))-9(ei)9(^(e 2 ))} (4.31) The left-hand side of (4.32) is zero if -{9+9?° &} is a factor state, so we have a contradiction.
The pure state <p is disjoint from 90©. In view of (4.30), we can conclude 9=<P (^ or 9{r } . As a consequence all the extremal points of J are in G. This completes the proof of (i).
q.e.d.
Proof of Theorem 4.6 (n). Let 9? be a translationally invariant ground state. We have only to show that 9 is in J. Note the following identities. 
B lQC regarded as an element of C(X).
As we have the decay of potential specified in (3.7) (due to Assumption 4.1), the closure r of L in C(X) generates a 1 parameter semigroup S(t). S(t) is a Markov semigroup (positivity preserving with S(t) 1 = 1). The proof of this fact can be done precisely in the same line of § 3 of Chapter 1 of [6] . We don't repeat the argument given in [6] , but we point out that the following inequality is crucial in the proof. 
*edge x±»
The following theorem corresponds to Theorem 3.9 of Chapter 1 in [6] . See [6] for the proof. 
It is possible to show that any Gibbs measure is a reversible measure for S(f).
The converse statement is also valid. We now return to Quantum Spin Hamiltonians H of (5.1). We now give the explicit form of the regularized Hamiltonian. Thus its Gibbs measure is unique. 
Sketch of Proof.
The proof can be done by expansion of § 3 of [5] , (2.13) is valid for \A\ odd. So we have only to solve the equation , b is the edge.
Note that periodic boundary condition is used and a is any configuration in {1, -lp in (6.12).
We expand all the quantities in (6.12) by the power of X. where || || 00 is the norm (3.5) with ^=^=0. 
E(X) = l£E

